We explore the collision dynamics of complex hydrocarbon molecules (benzene, coronene, adamantane, and anthracene) containing carbon rings in a cold buffer gas of 3 He. For benzene, we present a comparative analysis of the fully classical and fully quantum calculations of elastic and inelastic scattering cross sections at collision energies between 1 and 10 cm −1 . The quantum calculations are performed using the time-independent coupled channel approach and the coupled-states approximation. We show that the coupled-states approximation is accurate at collision energies between 1 and 20 cm −1 . For the classical dynamics calculations, we develop an approach exploiting the rigidity of the carbon rings and including low-energy vibrational modes without holonomic constraints. Our results illustrate the effect of the molecular shape and the vibrational degrees of freedom on the formation of long-lived resonance states that lead to low-temperature clustering. © 2014 AIP Publishing LLC. [http://dx
I. INTRODUCTION
Starting from the pioneering experiments on buffer-gas cooling of CaH radicals, 1 the quest for ultracold molecules has expanded into a turbulent research field, encompassing many research directions ranging from precision spectroscopy to ultracold chemistry. [2] [3] [4] [5] [6] [7] [8] Ultracold molecules offer the possibility to study many-body quantum systems and chemical transformations in a completely new, previously inaccessible, temperature regime. This has driven the development of many experimental techniques for the production of ultracold molecules from ultracold atoms 9 and for cooling molecular gases. 8 However, most of the experimental techniques demonstrated focused on diatomic molecules. At the same time, there is currently growing interest in cooling a gas of complex polyatomic molecules to ultracold temperatures, fuelled by the promise of novel applications for quantum computing, 10 ultracold chemistry, 7, 11 precision spectroscopy, 12, 13 molecular optics, [14] [15] [16] [17] and materials engineering. Understanding dynamics of polyatomic molecules at low temperatures is also important for astrophysical applications. 18 Some of the polycyclic aromatic hydrocarbons considered in the present work have been detected in the interstellar medium 19 and are believed to be important constituents of the interstellar dust. 20 Cooling polyatomic molecules to ultralow temperatures presents several challenges. In principle, polyatomic molecules can be assembled from laser-cooled ultracold atoms by photoassociation. 9 However, this would require the development of a multi-stage experiment initially producing diatomic molecules and subsequently combining molecules with atoms or other molecules. The inevitable losses of particles associated with each stage of the photoassociation make this technique, at present, impracticable for the production of ultracold polyatomic molecules. An alternative technique could be based on placing polyatomic molecules in a buffer gas of atoms maintained at an ultralow temperature. [21] [22] [23] However, low-temperature collisions of atoms with molecules may lead to clustering due to long-lived resonance states, 24, 25 impeding the thermalization of molecules in the buffer gas. The formation of atom-molecule clusters is expected to be more efficient for larger molecules. However, little is known about the interaction dynamics of polyatomic molecules at temperatures below 10 K and the size of molecules amenable to buffer gas cooling remains an open question.
Our work is motivated by the buffer-gas cooling experiments that use 3 He as the refrigerant. 25 Recent experimental measurements showed that hydrocarbon polyatomic molecules, as large as naphthalene, avoid clustering at temperatures as low as ∼6 K. Consisting of two hydrocarbon rings joint together, naphthalene is a very rigid molecule. It was argued that molecules with low-energy vibrational modes may be more susceptible to clustering in a low temperature helium gas. 25 It is also expected that larger molecules, even if rigid, may collect He atoms into clusters much more efficiently than naphthalene. In order to understand the experimental observation, we previously performed classical dynamics calculations for naphthalene-He collisions based on a numerical approach exploiting the rigidity of naphthalene at low temperatures. 24 In the present work, we extend this method to more floppy molecules (anthracene) that are composed of rigid hydrocarbon rings undergoing the vibrational motion. In order to understand the prospects for buffer gas cooling of molecules larger than naphthalene, we examine the effect of the vibrational motion of anthracene on the formation of long-lived atom-molecule collision complexes at low temperatures. In addition, we extend the classical calculations to polyatomic molecules with quasi-spherical shape (adamantane) and polycyclic planar molecules (coronene) in order to examine the effect of shape on the formation of atom-molecule resonance states.
To quantify the accuracy of the classical calculations, we perform quantum calculations of the collision cross sections of benzene with helium in the energy interval between 1 cm −1 and 10 cm −1 . The quantum calculations are performed using the coupled-states approximation within the framework of the time-independent coupled channel theory. The accuracy of the coupled-states approximation for polyatomic molecules at such low collision energies has not been tested before. We benchmark the accuracy of the coupled-states approximation by a comparison with the results of rigorous coupled-channel calculations.
II. THEORY
The theoretical calculations of the collision properties of polyatomic molecules at low temperatures are challenging because (i) the fully quantum treatment is prohibited by the large number of degrees of freedom for molecules with more than three atoms; (ii) the importance of quantum effects in collisions of large molecules at low temperatures is unclear; and (iii) the classical treatment is numerically complicated because a large number of the degrees of freedom must be kept frozen. The last point is particularly challenging for the classical dynamics calculations of the collision properties of large molecules since numerical errors associated with the integration of a large number of coupled differential equations may lead to unphysical distortions of molecules and unphysical partitioning of energy between different degrees of freedom. In this paper, we consider hydrocarbon molecules with more than 10 atoms in a cold buffer gas of 3 He and explore both classically and quantum mechanically the dynamics of atom-molecule interactions at temperatures below 10 K. The quantum mechanical calculations are performed for collisions of helium with benzene, the smallest molecule considered in this work. The classical dynamics calculations are performed for a series of molecules with varying shapes and dimensions and are based on an approach particularly well suited for rigid molecules at low temperatures.
A. Quantum theory
The quantum calculations are performed using the rigorous coupled channel (CC) method 29, 30 and the coupled states (CS) approach. 31, 32 We treat benzene as a rigid rotor and place the molecule in a molecule-fixed (MF) coordinate system with the origin at the center of mass of the molecule and the z axis directed perpendicular to the molecular plane. The Hamiltonian for the benzene-helium collision system can be written as follows:
where μ is the reduced mass of the colliding particles,l is the orbital angular momentum for the collision, V is the global potential for the He-benzene interaction, R is the vector for the center-of-mass separation between He and benzene, and φ, θ , χ are the Euler angles describing the orientation of benzene in the space-fixed (SF) coordinate frame. The Hamilto- nian of a rigid rotor iŝ
where A, B, and C are the rotational constants, a, b, and c are the principle axes of the rotor, andĵ a ,ĵ b , andĵ c are the a, b, and c components of the angular momentumĵ of the molecule. For an oblate symmetric top, such as benzene, A = B, and it is convenient to identify the principle axes with the Cartesian axes a = x, b = y, and c = z so the rotational Hamiltonian (2) can be written aŝ
The values of A, B, and C for benzene (and the other molecules considered in this work) are given in Table I . We expand the total wave function of the collision complex in a basis of rotational wave functions of the molecule φ j, k (φ, θ, χ), where is the projection ofĵ on R and k is the projection ofĵ on the MF quantization axis. The substitution of this expansion into the Schrödinger equation leads to a system of coupled differential equations (in atomic units),
where
J is the quantum number for the total angular momentum of the collision complex, E is the total energy of the collision system, and jk is the energy of the molecule in the state |jk . In order to compute the cross sections for benzene-helium collisions, we integrate Eq. (4) numerically subject to scattering boundary conditions. 29, 30 The calculations yield the scattering S-matrix and the scattering cross sections. 29, 30 The dense spectrum of rotational states in benzene leads to a large number of basis functions, making fully converged calculations prohibitively difficult. To ensure full convergence of the calculations and extend the calculations to high collision energies, we apply the CS approximation that was described in detail in Refs. 31 and 32. The CS approximation neglects the Coriolis couplings between states of different , reducing Eq. (4) to a smaller set of coupled equations,
The S-matrix and the scattering cross sections are constructed from the solutions of Eq. (8) in the same way as in the CC calculations.
B. Classical theory
The main goal of this work is to explore the collision dynamics of polyatomic molecules with He atoms in a low temperature gas. We consider molecules containing carbon rings, specifically, benzene (C 6 H 6 ), anthracene (C 14 H 10 ), coronene (C 24 H 12 ), and adamantane (C 10 H 16 ). The geometry of these molecules is schematically illustrated in Figure 1 . The rotational constants and the energy of the lowest energy vibrational excitation for these molecules are specified in Table I . We treat benzene, coronene, and adamantane as rigid molecules. For anthracene, we include the lowest energy vibrational mode depicted in the lower left panel of Figure 1 .
For each molecule, we construct accurate atom-molecule interaction potentials using the empirical method based on measured bond polarizabilities of the hydrocarbon molecules. [26] [27] [28] Table I molecules can, in principle, be performed by integrating the equations of motion for each atom in the molecule subject to holonomic constraints. When the number of atoms in a molecule is large and the collision energy is low, most of the internal degrees of freedom are inactive and the number of constraints makes the calculations very difficult. In the present work, we use the equations of motion that preserve the rigid structure of the carbon rings while accounting for low-energy vibrations.
The relative motion between a polyatomic molecule and a helium atom is described in a space-fixed (SF) frame with the origin located at the center of mass of the collision complex. The motion of the colliding particles is determined by numerically integrating a system of classical equations of motion. The rotational motion of molecules is described using a MF frame with the axes corresponding to the principal axes of the molecule and the origin positioned at the center of mass of the molecule. The orientation of the molecule with respect to the SF coordinate system is described by the Euler angles φ, θ , and χ . When we integrate the equations describing the rotational motion of the molecule, we transform the Euler angles into quaternion parameters [33] [34] [35] in order to eliminate the singularities at θ → 0.
The quaternion parameters are defined as follows:
The rotational motion of a polyatomic molecule is then determined by a set of second order differential equations:
where m = 0, 1, 2, 3;q m andq m are the first and the second time derivatives of q m , respectively; ω x, y, z are the components of the angular velocity around the principal axes in the MF frame andω x,y,z are their first derivatives with respect to time. In Eq. (13),ω x,y,z can be obtained from the Euler's equations,
where I x, y, z are the principal moments of inertia of the molecule and N 
defined as [33] [34] [35] 
The torque is exerted on the molecule due to the interaction force F He between the molecule and the helium atom. In the SF coordinate frame, the torque N SF is given by
For molecules with low-energy vibrational modes, it is necessary to couple the rotational motion with the vibrational motion. In molecules consisting of joint aromatic carbon rings, the lowest energy vibrational modes correspond to the bending motion of the rings. For example, the lowest energy vibration of anthracene -a molecule with three linearly joint aromatic rings -is a symmetric (simultaneous) bending of two end rings, 36 see Figure 1 . We model the vibrational motion using a bending dihedral angle ϕ of the molecule. The vibrational energy is
where ϕ 0 is the equilibrium dihedral angle. For anthracene, ϕ 0 = π . The force generated by the vibrational motion is given by
In addition, the vibrational motion must experience the distortion due to the interaction with helium, yielding the equation for the time evolution of ϕ m ∂ 2 ϕ
He is given by the negative derivative of the Hemolecule interaction potential with respect to ϕ. Equation (22) is coupled to Eq. (13) by F v He and the dependence of the molecular moments of inertia on ϕ. As the equations of motion are integrated, at each time step, we recalculate the molecular moments of inertia and the atom-molecule interaction potential, which provide couplings between the rotational, translational, and vibrational motions of the molecule.
III. RESULTS

A. Accuracy of the coupled-states calculations
The accuracy of the classical trajectory calculations of low-energy scattering properties of polyatomic molecules must be quantified by a comparison with quantum scattering calculations. The rigorous CC calculations are time consuming and can only be performed for a limited range of collision energies and internal states of the molecule. The CS approximation can be used to compute the scattering properties of molecules in a much wider interval of energies and with bigger basis sets. To the best of our knowledge, the accuracy of the CS approximation has never been tested for polyatomic molecules at low energies relevant for buffer gas cooling experiments. Therefore, we begin by comparing the results of the CC and CS calculations of cross sections for elastic and rotationally inelastic collisions of benzene with He atoms at collision energies between 1 and 20 cm −1 . Figure 2 illustrates that the CS results agree with the CC calculations to within a factor of 2 for collision energies below 2 cm −1 and to better than 25% for collision energies 2-10 cm −1 . At collision energies above 12 cm −1 , the results of the CS calculations reproduce well the magnitude and the structure in the energy dependence of the CC results. We note that the CC calculations were performed using the computer program developed in Ref. 30 and the CS calculations were carried out with a completely independent code written for this work.
B. Comparison of classical and quantum calculations
In order to understand the extent of quantum effects in collisions of polyatomic molecules at low temperatures, we computed the cross sections for elastic and inelastic scattering of benzene by 3 He using the CS method and the classical dynamics method described in Sec. II. The classical dynamics calculation is an average over 8 × 10 4 trajectories. The initial energy of the molecule is chosen to correspond to a particular quantum state i. We assign all trajectories that change the energy of the molecule by less than half of the first excitation quantum to elastic scattering and all trajectories that bring the energy of the molecule to within j of another quantum state j to an inelastic i → j transition. If k is the energy level immediately below j and n is immediately above j, the value of j is chosen to span the energy interval from the midpoint between k and j to the midpoint between j and n. The cross section for a particular transition is then determined as
where b max is the maximum impact parameter for a given collision energy, N i → j is the number of the trajectories changing the energy of the molecule from state i to state j and N tot is the total number of trajectories. We compute the classical trajectories at discrete values of the impact parameter, corresponding to integer values of the angular momentum of the collision complex:
where l = 0, ..., l max is an integer and P is the momentum for the relative atom-molecule motion calculated from the collision energy. This is standard procedure used in many studies of molecular collisions. 37 The value of b max corresponds to l max chosen such that no trajectory with angular momenta l > l max can lead to inelastic energy transfer.
For the CS calculations, we used the basis set with 16 total angular momenta of the collision complex and the rotational states of the molecule with j = 0-24, which ensures full basis-set convergence. The coupled differential equations are integrated on a grid of atom-molecule separation R between R = 5.2 a.u. and R = 60.0 a.u.
In quantum mechanics, the collision-induced transitions are subject to the selection rules determined by the symmetry of the atom-molecule interaction potential. For example, the D 6h symmetry of the benzene molecule leads to a sixfold symmetry of the atom-molecule interaction potential in the plane of the molecule. This symmetry prohibits all (j, k) → (j , k ) transitions except the ones with |k − k| = 0 or multiples of 6. Similarly, the planar structure of the benzene molecule leads to a two-fold symmetry of the interaction potential upon rotation with respect to the molecule-fixed z axis, allowing only the transitions with |j − j| = 0 or multiples of 2. These selection rules are not present in the classical trajectory calculations. In order to elucidate the role of the selection rules, we use two methods for assigning the classical trajectories to specific quantum transitions. Method (1) ignores all quantum states of benzene except the ones allowed by the selection rules of collision-induced transition in the quantum calculations. For example, if the molecule is initially prepared in the ground rotational state (j = 0, k = 0), we assume in this method of binning that the lowest energy excited state is (j = 2, k = 0), ignoring the presence of states (j = 2, k = −2) and (j = 2, k = −1) as well as the states with j = 1 that are actually lower in energy than (j = 2, k = 0). This method enlarges the energy intervals for binning the classical trajectories. In method (2), we ignore the quantum mechanical selection rules and assign the cross sections assuming the presence of all quantum states of benzene.
The quantity of particular importance for this work is the total cross section for rotationally inelastic scattering. This cross section can be viewed as a measure of the energy transfer between the translational and rotational degrees of freedom. This is the process that leads to long-lived resonance states and clustering, potentially impeding the experiments on cooling molecules in a cold buffer gas. Figure 3 presents the total cross sections for rotationally inelastic scattering of benzene molecules initially in the ground rotational state with 3 He atoms, computed with the coupled-states approach and the classical trajectory method. The results show that the classical calculations deviate from the quantum results by less than a factor of 2 at collision energies above 5 cm −1 . The classical cross sections for total inelastic scattering are larger than the quantum mechanical cross sections, which implies that the classical lifetime calculations presented later in this section should be treated as overestimates of the true values. Figure 3 also shows that the two methods of binning the classical trajectories yield similar results for the total inelastic scattering cross sections. Finally, it may be observed in Figure 3 that the energy dependence of the cross sections computed from the classical trajectories shows a stepwise structure. This structure is due to the discretization of the impact parameter for collisions. At low collision energies, this discretization of the impact parameter has a significant effect on the energy dependence of the cross sections. This structure is most pronounced for the elastic cross sections and the total inelastic cross sections.
To provide more insight into the classical-to-quantum comparison, we present in Figure 4 the state-resolved cross sections for elastic scattering as well as three rotationally inelastic transitions. While the classical trajectory calculations underestimate the cross sections for elastic scattering by a factor 5-10, the agreement between the classical and quantum results for the dominant inelastic transitions (j = 0, k = 0) → (j = 2, k = 0) and (j = 0, k = 0) → (j = 4, k = 0) is significantly better, especially at collision energies between 5 and 10 cm −1 . For the dominant inelastic transitions, the results obtained with the binning method (1) accounting for the quantum mechanical selection rules are much closer to the quantum calculations than the cross sections for the transitions assigned without the selection rules. For the weak transitions, such as the (j = 0, k = 0) → (j = 6, k = 0) transition, the binning method (1) overestimates the quantum cross sections by a large factor, while the binning method (2) produces the results in close agreement with the quantum calculation. These results indicate that the choice of the binning method is not only important but should also depend on the energy spectrum of the molecule. For transitions involving states in a region of dense eigenspectrum, it appears to be better to account for the quantum mechanical selection rules. However, for transitions to states in a region of sparse eigenspectrum, it may be necessary to reduce the binning interval.
The results presented in Figures 3 and 4 indicate that the classical trajectory calculations at collision energies between 1 and 10 cm −1 are accurate to within a factor of 10. We assume that the accuracy of the classical calculations is better for larger molecules with higher densities of states.
C. Collision complex lifetimes
The interaction of polyatomic molecules with He atoms at low temperatures results in the formation of long-lived collision complexes that, upon interaction with another He atom, may form bound states. This process leads to clustering and prevents molecules from thermalizing with the buffer gas. In Ref. 24 , we showed that long-lived collision complexes exhibit the vibrational motion characterized by multiple turning points of the He atom in the potential of the molecule. The lifetime of the collision complex can be computed as the time between the first and the last turning points. This quantity can be used as a measure of the probability of clustering. For example, given the density ∼4 × 10 17 atoms/cm 3 in the buffer gas cooling experiments, clustering is expected to occur if the two-body collision times exceed 1300 ps. 24 The dynamics of clustering must be determined by the size and shape of the molecules. In order to explore the effect of the molecular size and shape on the formation of longlived atom-molecule complexes, we use the classical trajectory calculations to compute the collision lifetimes of anthracene (an elongated planar molecule C 14 H 10 ), coronene (a circular planar molecule C 24 H 12 ), and adamantane (a compact spherical molecule C 10 H 16 ) with 3 He (see Figure 1) . We treat the molecules as rigid rotors and compute the collision lifetimes by averaging over about 10 8 trajectories computed as described in Ref. 24 . The results presented in Figure 5 reveal two important observations: (i) increasing the number of rings in the planar molecules does not affect the collision lifetimes; (ii) at collision energies <8 cm −1 , molecules with spherical shape undergo collisions much more rapidly than planar molecules with either elongated or circular shape. Interestingly, the shape plays little to no role at collision energies >10 cm It was previously postulated, 25 based on empirical data, that polyatomic molecules are unlikely to form long-lived collision complexes with He if the depth of the atom-molecule interaction potential does not exceed the lowest vibrational frequency of the molecule. It was argued that, if the atommolecule potential is strong enough, the translational collision energy may be efficiently transferred to the vibrational excitation mode, leading to collision complexes with significantly enhanced lifetimes. The strength of the interaction potential between anthracene and He is ∼105 cm −1 at the minimum of the potential well, while the lowest vibrational frequency of anthracene is 90 cm −1 . In order to understand the role of the vibrational motion of anthracene in low-temperature collisions with He, we include the lowest vibrational mode of the molecule in the classical dynamics calculations. The lowest energy vibrational mode of anthracene corresponds to the simultaneous bending of two edge rings, with the torsional angle between the center ring and the edge rings reaching ϕ − ϕ 0 = 7.01
• . 36 We perform calculations for two vibrational frequencies, ω = 90 cm −1 (which corresponds to anthracene) as well as ω = 1000 cm −1 . Figure 6 presents the results. Figure 6 illustrates that the inclusion of the vibrational motion with ω = 90 cm −1 increases the lifetime of the collision complex at low collision energies. As was previously shown, 24 the enhancement of the collision lifetime for rigid rotor molecules is due to the formation of long-lived orbiting resonances that dominate the collision dynamics at low temperatures. The vibrational motion with low frequencies allows for more resonances due to energy exchange between the translational and vibrational modes. Figure 6 illustrates that the vibrational motion of anthracene enhances the collision lifetime by about a factor of 10 at low collisions energies. While this is a significant enhancement, the resulting collision time is still too short to lead to clustering under the experimental conditions. 24 To illustrate the strength of the translation-vibration coupling, we show in the inset of long-lived trajectory. The enhancement of the thick curve illustrates that, during the collision, there is substantial energy exchange between the translational and vibrational modes. The inset also shows the total energy of the collision complex (by the solid blue line), demonstrating the accuracy of our calculations. For molecules with the artificially high vibrational frequency ω = 1000 cm −1 , the lifetime of the collision complex is very close to that of rigid molecules. The comparison of these results, represented in Figure 6 by diamonds, with the rigid rotor calculations, represented by squares, justifies the use of the rigid rotor approximation for the rigid molecules benzene and adamantane.
IV. SUMMARY
In summary, we have developed a numerical approach that can be used to study low-temperature classical dynamics of polyatomic molecules with rigid carbon rings undergoing floppy vibrations. The method is based on the quaternion representation of the rotational motion coupled to the relative motion of the carbon rings. This approach bypasses the need for multiple holonomic constraint that would be necessary in all-atom classical trajectory calculations. We used the classical dynamics calculations to illustrate the role of molecular shape and the vibrational motion in the formation of longlived resonance states that give rise to clustering at low temperatures. Clustering leads to condensation of atoms around molecules and impedes the sympathetic cooling of molecules to low temperatures. We demonstrated that large polyatomic molecules with rigid spherical structure are unlikely to form clusters with low temperature atoms. We also showed that the presence of low energy vibrational modes is not necessarily detrimental for cooling experiments. While the lowfrequency vibrational motion provides an additional degree of freedom for the formation of resonant states, the enhancement of the collision lifetimes caused by the vibrational motion is not dramatic enough to lead to clustering under the experimental conditions. 25 Our results show that the lowest energy vibrational mode of anthracene enhances the lifetime of the collision complex to about 65 ps at the collision energy 6 cm −1 . Given the density ∼4 × 10 17 atoms/cm 3 in the buffer gas cooling experiments, clustering is expected to occur if the two-body collision times exceed 1300 ps. 24 In order to assess the accuracy of the classical dynamics calculations at low temperatures, we presented a comparison of the classical trajectory calculations with quantum calculations of the scattering cross sections for collisions of benzene with He atoms. The quantum calculations were based on the coupled-states approximation. The accuracy of the coupledstates approximation was calibrated by a comparison with a rigorous coupled channel calculation. The results demonstrate that classical trajectory calculations of inelastic collisions of polyatomic molecules are accurate to within one order of magnitude even at collision energies as low as a few cm −1 .
